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Abstract: In this work, we show that a contact Lorentzian manifolds of
dimension(2n + 1),n > 2,has constant sectional curvaturek, then the
structure(M?™*1,¢,&,1m, g)is  Sasakian and k=-1=g(&,&),whereé s
characteristic vector field. We present some notions of contact Lorentzian structure with
a non-degenerate almost CR manifolds. Moreover, we given some an examples of

contact Lorentzian manifolds with condition trace h? = 0.
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1. Introduction

In [Calvaruso, 2011] the authar introduced and studied the contact Lorentzian

manifolds (M?™*1, ¢, &,n, ), that is, contact manifolds equipped with a Lorentzian
metric associated g. In this study introduce the tensor h = % £Ep = % N® where £

is a Lie derivative and ¢ is tensor field of type (1, 1), which plays an important role in
geometry of a contact Lorentzian manifolds. In particular, the K-contact
Riemannian manifold of odd-dimension (2n + 1) are characterized by the

condition o(&,&) = 2n, where g Ricci curvature [Blair et al., 2010], since it implies
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trce h> = 0and so, h = 0 because h is diagonalizable. In [Calvaruso, 2011] (see
Section 5), we transacted with contact Lorentzian manifolds of constant sectional
curvature k. the contact Pseudo-metric manifolds of constant sectional curvature and
CR geometry of dimension > 5 introduced by [Perrone, 2014]. In 2n+1) —
dimensional, showing that the value of constant sectional curvature to determine it
depends on the casual character of the Reeb vector field . . In [Calvaruso and Perrone
, 2010], we showed that any K-contactLorentzian manifolds is Sasakian and of constant
sectional curvature k = —1. Themain result of Section 5 in [ Calvaruso, 2011] obtained
by Olszak [ Olszak, 1979] in Riemannian settings, if acontact Riemannian manifold
(M?™*1,n, 3), such that dim M = 2n + 1,n > 2 of constant sectional curvature k,
then, k = € = g(§, &) and (M?"*1, 7, §), is Sasakian[ Calvaruso, and Perrone, 2010],
this result was extended to Pseudo-Riemannian setting in [ Calvaruso and Perrone, 2010],
and extended also in the Lorentzian case in [[Calvaruso, 2011]. This paper is organized
as follows

In Section 2 we introduce the basic notations of the contact Lorentzian manifoldsand
almost CR structures. We present a contact Lorentzian manifolds and non- degenerate
CR manifolds are given in Section 3. Finally in Section 4 we proof the main results
and we given some examples of contact Lorentzian manifolds, of dimension (2n +
1,n=2.

2. Preliminaries

In this section we introduce some basic facts for contact Lorentzian manifolds

and almost CR structures. The odd-dimensional (2n + 1) manifold M is called a
contact manifold if it admits a global differential 1-form n, suchthatn A dn # 0, there
exist a Reeb vector field &, such that

n(§) = 1and dn(§, X) = g(X, $$) = 0.

A compatible Lorentzian metric g is said to be an associated if there exist atensor field
¢ of type (1, 1), satisfies

n() = —g(§,X).dn(X,Y) = g(X, ¢Y),¢? = -1 + n®¢,

Then n is acontact from on M and (M, ,&,n, g) is called a contact Lorentzian

manifold [G. Calvaruso,2011]. The associated Lorentzian metric g satisfies

g(@X,¢Y) = g(X,Y ) + n(XIn(¥).

Let V be the induced Levi-Civita connection and Riemannian curvature tensor R, given
by

R(X,Y) = v[X,y] - [VX'VY]'
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The tensor h = §£§q,’_>,where £ is a Lie derivative, is self-adjoint and satisfies the

following properties.
Vyé=—-€dpX—¢phXhp=—dhhé =trh=0 (2.1)

Remark that h is self-adjoint and h ¢ = — ¢h,then we obtain trace h = trace h ¢ =
0.

A contact Lorentzian manifold (M, n, g)is said to be K-contact if ¢ is a killing vector
field, equivalently, the tensor h = 0. and it is said to be Sasakian if the contact
Lorentzian manifold (M, ,&,7n,g) is a normal and satisfies [¢p,p] + 2dn ® & =
0,that it is equivalently, (Vy¢)Y = g(X,Y)& + n(¥)X.

Any Sasakian Lorentzian manifold is K-contact, for three-dimensional spaces, a K-
contact Lorentzian manifold of dimensional spaces, a K —contact Lorentzian manifold
of dimensional 2n + 1, is Sasakian if satisfies

R(X, V)¢ =n(X)Y +n(YV)X, (2.2)

where R is Riemannain curvature tensor, the equation (2.2) is equivalently,

(Vx®)Y = g(X, V)¢ +n(¥)X.
Refer [ Takahashi, 1969] for more information of Lorentzian contact manifold.

3. Contact Lorentzian Manifolds And Non-Degenerate CR Manifolds

In this section we show the following

Lemma 3.1. ([Perrone, 2014]) Let (M, ¢, &, 1, §)be a contact Pseudo-metric manifold,
of dimension 2n + 1,n > 2. If (M, ) is of constant sectional curvature X, then k =
—1=g(§ &and h? = 0.

Theorem 3.2. Let (M, ¢,&,n, g)be a contact Lorentzian manifold, of (2n+1) —
dimensional, n > 2. If (M, g) is of constant sectional curvature _, then k = —1 =
g(&, &and (M,n, g) is Sasakian.

We note that if h ¢ = — @h, that it is we have trace h = trace ¢h = 0, then,h? =
0, implies that A~ = 0 that is, the contact Lorentzian manifold is a K-contact.

moreover, because (M, g)has constant sectional curvature-1,and

R(X,Y)¢ =—g(X, )Y +g(Y,&) that is, (Vxd)Y = g(X,Y)¢ +n()X
satisfied.

On the other hand, we introduce a some notions of CR geometry [Dragomir, 2016].
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Let M be a real (2n + 1) —dimensional smooth manifold and consider that
(7 (M), ])be an almost CR structure on M. An almost CR structure if integrable is
called CR structure, that is satisfied the following condition [Perrone, 2014]

[JX, Y]+ [X,]Y] € H(M) and JAJX, Y1+ [X,JYD) = [JX,JY] -
(X, Y], (3.1)

vX,Y € H(M). An almost structure on M is a differentiable 1-form # on M such that
ker & = 3 (M). an almost CR structure (H(M),],8) is called non-degenerate if
Lo(X,Y) = (dB)(X,]Y), for any X,Y € H (M) since, 8 is a contact form, the
condition in (3.1) is equivalent to

JAJX, Y1+ [X,JYD) = [JX,JY] = [X,Y], VX,Y € H(M) (3.2)

Let (M, (M),],0) be a non-degenerate almost CR manifold hence, ¢ =/ and
¢ (T) = 0 whereT is Reeb vector field of 8.then,¢p? = —I + 8 ® T,and the metric g
given by

JgXx,Y)=do(x,jY),g(X,T) =0 ,g(T,T) = —1 (3.3)

For all X, Y e H(M), g is Lorentzian metric on M
[ S.Dragomir, M. Hasan and F.AlSolamy,2016]. The structure (¢,&é =T,n =
6,3) is a Lorentzian structure on M.

A contact Lorentzian structure (¢, &,n,g) defines a non-degenerate almost CR
structure on M given by

(H(M),],0), where H (M) = kern,8 =n and J = ¢. For a contact Pseudo-
metric manifold (M, ¢, ,1, §), the generalized Tanaka-Webster connection ¥ isgiven

by
V¥ = VY — (X)) — nCOVxE + {(Vxn)Y}E, (3.4)

For all X,Y € I'(M)and V is the Levi-Civita connection of (M, ) [ Calvaruso et al.,
2010]. In particular, from (3.4), we get

(Vx@)Y = (Vxd)Y +{(Vxm @Y} + (V)P (Vx$). (3.5)
4. Proof of Theorem 3.2

Let (M, ¢, &,7m, g)be an integrable contact Lorentzian-metric manifold with dimM =
2n + 1,n = 2, of constant sectional curvature K. By Lemma 3.1 M has a constant
sectional curvature K = — 1. Note that the integrable condition in (3.2) is equivalent

to the vanishing of V¢. Then, from (3.5) we have

(Vx¢Y) = —{(Vxm@Y}§ — n(Y)(Vx$), (4.1)
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Where,
{(VxmeY}=-g(X,Y) —nCOn(Y) + g(hX,Y)
and
b (Vx§) = =X +n(X)¢ + hX
Then, (4.1) becomes (Vy¢)Y = g(X — hX,Y)E + n(Y) (X — hX)Consequently,
forany X,Y,Z € I'(M), we have

(Vir®)Z = (VxV3) (Y, 2)
= Vx ((V%)Z) — (V5,v3)Z — (Vyg)VxZ
=Vy(g(Y — hY,2)§) — g(VxY — hVxY,Z)§
—g(Y — hY,VxZ)§ —n(VxZ)(Y — hY).

From the previous formula for Z € H (M ) we have

(Vxy9)Z = g((Vx)Y,2)§ — g(Y — hY,Z)(¢X + dhX) + g(—¢X +
ohX,Z)(Y — hY).

Then, we obtain

—((Pxy®)Z + Vv d) Z = —g((Tyh)X — (Vxh)Y, 2)E + G(¥ —
hY,Z)(—¢X + phX) — g(—pX + phX,Z)(Y — hY) — G(X — hX)(—pY +
PhY) + g(—¢Y + phY,Z) (X — hX) (4.2).

On the other hand, the curvature tensor satisfies the following identity

RX, V)P =—(Viyd) + (V2y xP); (4.3)

Where, (R(X,Y )$)Z = R(X,Y )pZ — pR(X,Y )Z.

Now, for any X,Y,Z € (M ), the curvature tensor is given by
RX,Y)Z=—-g(X,Z)Y+ g(Y,2)X;
then, from (4.2) and (4.3) we get
g((WyX — (Vx0)Y,Z) = GRX,Y )$Z,§) = 0;
and thus
g, 2)¢hX + g(hY,Z)pX — g(hY,Z)PhX
—g(pX,Z)hY — g(phX,2)Y + g(phX,Z)hY
= g(X,Z)phY + g(hX,Z)¢pY — g(hX,Z)PphY
— g(@Y,2)hX — g(phY,Z)X + G(PhY,Z)hX; (4.4)
forany X,Y,Z € H(M):
Now, we define the tensor S of type (1,3) on M by
SX,Y,2) = g(¥,Z)phX + g(hY,Z)¢pX — g(hY,Z)phX
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—g(pX,Z)hY — g(phX,2)Y + g(¢phX,Z)hY
= g(X,Z)phY + g(hX,Z)pY — g(hX,Z)phY
— g(@Y,Z)hX — g(phY,Z)X + g(phY,Z)hX.  (4.5)
From (4.4) we get S(X,Y,Z) = 0 forany X,Y,Z € H (M).
The tensor Sx(Y,Z) = S(X,Y, Z) satisfies trace;Sy = 0. Then, from
(4.5) we obtain
trace;Sxy = 2ngphX + (tracezh)dX — (tracezh)phX
—hpX — phX + hphX — phX — phX + ph%X

+ (trace;p)hX + (traceg—(ih))X — (traceg((j;h)) hX.

Since h¢p = —@h, and tracezh = tracez(dh) = tracezp = 0.

Furthermore, by Lemma 3.1, h? = 0. Therefore, hX = 0 forany X € H (M),

that is (2.2) is satisfied, which complete the proof.

Now, we introduce some examples of contact Lorentzian manifolds. The Paper [
Calvaruso, 2011] do not contain an example of contact Lorentzian manifold, in this
section, we give an examples in dimension five of contact Lorentzian manifolds.

Suppose that the space M = R (x4, x5, x3, X4, z) and there exist two smooth functions

A,B € C*(R>). Now, we can put 9; = ai i=1234,and 9, = %.

g
The vector fields {V;, V,, V5, V,, Vs = €} on R® defined by
V2V, = Adxy + dx, + x5 — 2x; 0, ,V2 V, = 0x; — Bdx, — 0x, + 2x,0,
V2Vy = —Adx, + 0x, — 0x3 — 2x; 0, ,\2 Vy = 0x; + Bx, + 0x, — 2x,0,,
& = 0, = V5. We define a Lorentzian metric g of signature (— — + + +) by
g, V) = gy, Vo) = =1 gWs, V) = gWVa,Va) = 1; (V. V) = 0,if i # J,
g(&,&) = —1. The 1-form n is defined by n(X) = —g(&, X), hence,
1n(0x1) = n(0x;) = 0,n(0x3) = 2x1,1n(0x4) = 2x,,1(&) = 1. The tensor
field ¢ of type (1, 1) define by p(V;) = —V,, dp(V,) = Vi, (V3) = =V,
(V) = V3, ¢() = 0, similarly,p(Ey) = E;, $(E;) = —E1, $(E3) = Es,
B(E,) = —E5, d(&) = 0, where E; = %(V2 + V,),E2 = E, = %(V1 +

V) E5 = %( V,—V3) E,= \/%( V,— Vy),and E;(i =1, ... ... ,4) are a null vector

fields. The vector fields {E}, E, E3, E,, ¢}, defines a frame on R® of n(E;) = 0,i =
1,.... ,4 with respect to frame {E,, E,, E5, E4, E5, £}, the 2-form dn expressed in the
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0 0 1 0 0
[o oo1o]
dn=|-1 0 0 0 ol
[0—1000J
0O 00 0 0

and the metric g given by

[0 0 010]
[0 0 -1 0 0 |

¢ =9(E,E)=l0 -1 00 0 |
l1 0 000J
0 0 0 0 -1
Since,

[00 010”0—1 OOO]
o 0o -1 0 0f[1 o 0 0 0 |
Gp=lo0 -1 0 0 ollo o o -1 0|

[10 0 0 0[00 100J

0 0 o 0o —tdlo o 0 0 0

[0 0 1 0 0
[0 0 o0 1 o]
=|-1 0 0 0 0|=dp
{0 —1000}
0 0 0 0 O

That is, G = dn. Then, we obtain that 7 is a contact form and (&, ¢,7n, g) isa

contact Lorentzian structure, furthermore, the tensor h = %Equ satisfies

2hE; = [§,QE;] — ¢[&,E1] = [0,,0x,2] — $[0,,0x,] = 0,

2hE2 = [§,QE,] — ¢l E;] = [0,,0x1] — $[0,,0x,] = 0,

2hE; = [§,QEs] — Q[€, E3] = [0,,BOx, + 0x4 — 2x,0,],

—¢[d,, A0x; + 0x3 — 20x,0,] = (B — A),E;:

Furthermore, trh? = 0. Moreover, h = 0, then, the structure is a K-contact, if
andonly if (B — A) = 0. From [Perrone, 2014] if A # B, we obtain a contact Pseudo-
etric

structure with trh? = Oand ¢ is not killing vector field.
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