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Abstract  
In this research factors affecting the non-linearity of suspension bridges were studied. 

The fundamental parameters studied are the main and side span lengths, cable sag, tower 

height, cable x-section and the flexural rigidity of the stiffening girder .The effect of variation 

of each parameter on the cable tension and the girder moments is studied. 

 A non-linear 2-dimensional mathematical model of a 3 span, continuous suspension 

bridge is considered . The solution is based on the second order deflection theory given in a 

computerized form. It has been found that the degree of effect of these parameters on the 

results of analysis in a descending order is: the main span length, side span length, cable sag, 

cable section and the stiffness of the bridge girder.  
           

 

 ملخص

  
هذا البحث تم دراسة اثر العوامل المؤثرة على لا خطية الجسور المعلقة، والعوامل الرئيسةهى :طول البحر  في       

الرئيس والبحر الجانبى وارتخاء الكيبل وارتفاع البرج ومقطع الكيبل وجساءة الانحناء لعارضة التقوية. وقد تم دراسة اثر تغيير 
  .فى الكيبل والعزوم فى عارضة التقويةكل عامل على مقدار الشد 

تم اعتبار نموذج رياضى لاخطى لجسر معلق مستمر ثنائى الابعاد ثلاثى البحور ، وقد حل هذا النموذج على 
اساس نظرية الانحراف اللاخطية والتى برمجت على الحاسب .ولقد وجد ان درجة تاثير العوامل اعلاه عاى لاخطية التحليل 

 .ما يلى: طول البحر الرئيس ثم البحر الجانبى ثم ارتخاء الكيبل ثم مقطع الكيبل ثم صلابة عارضة التقويةتؤثر تنازليا ك
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1. Introduction  
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Cable structures 
(1)

, have been known to undergo large deformations 

due to their flexibility. This is termed geometric non-linearity which require 

special analysis. Among those cable structures, externally-anchored 

Suspension Bridges are mostly affected by non-linearity. The major suspension 

bridge elements are shown in Fig. (1). 

Historically 
(2)

, suspension bridges analysis passed through several 

developments. The main theories and their features are as follows : 

(A) Rankine theory:  An old  theory originated by Rankine in 1885 .The 

theory assumed that the applied live load on the bridge deck will be 

uniformly resisted by equal hangers tension.  Of course this is an 

approximate theory yielding inaccurate results . 

(B) The Elastic theory:  considers the cable as an inverted arch . It is 

common and approximate and yields too high values of bending 

moments and shears in the girder . The theory does not consider 

the effect of change of cable geometry. 

(C) The Deflection theory: a more exact method, which takes account of 

deformed configuration of the structure. The theory was 

originated by Melan in 1888, extended by Moisseff and 

Steinman for continuous suspension bridges; and then 

generalized by Steiman in 1935 
(3,4).

 The theory can be 

summarized as follows.  

   

2. The Deflection Theory 
(2,3,4,5,6,7,8) 

 

a-General 
Analysis of suspension bridges by the deflection theory is based on 

nonlinear formulation and provides appropriate provision for the influence of 

deflections in changing the geometry. The theory is based on the differential 

equation of the cable and the stiffening girder, together with the cable equation, 

which governs the elastic extension of the cable and the shortening arising from 

the deflection along the cable. 

 

b- Basic Assumptions 

(1)The initial curve of the cable is a parabola. 

       (2) The initial dead load, w, is carried by the cable only, producing the  

initial horizontal tension, H.  

(3)   Suspenders elongations are negligible 
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(4 The deflection of any point on the cable, v(x), due to applied live load  "p" 

per unit length of the girder, is sensible . 

 

c- Fundamental Equations 
 

The bending moment at any point of a simple suspended span is    given  

by (10): 

hyMM  0         (1) 

      Where h is the induced tension due to live load. 

. For amount of deflection v, the bending moment will be reduced to 

    vhHhyMM  0       (2) 

For a continuous suspended middle span, accounting for continuity, equation (2) 

will take the form 

    TvhHhyMM  0      (3) 

where T, is the continuity moment and is given by 
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Equation (7) is the first fundamental equation; known as the girder 

equation. There are two unknowns; namely the deflection v and the induced 

tension "h ". The other fundamental equation, known as the cable equation is (2,3,9): 
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and 
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The solution of equation (7) will  yield the general formula for girder deflection  
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where 1C  andC2 are integration constants.  

 

 

d- Solution of Analytical Model by the Deflection Theory 

 
In this section, the general 2-dimensional, 3-span, continuous suspension 

bridge model, shown in Fig. (2) is solved, on the basis of the deflection theory. 

The application of equation, (7), to any span of the model necessitates the 

evaluation of the followings: 

i) Three pairs of the integration constants C1 and C2 for the three 

span segments k, m, and j; and this is done by applying 

boundary conditions. 

ii) The girder continuity moments T1 and (-T2 )at the towers; the 

continuity of the slopes at the towers is used here. 

iii) The horizontal component of the induced tension (h) due to live 

loads;  the cable equation is used here. 

 

It will be shown hereafter that the above parameters  (which are twenty one 

parameters for the entire bridge )  are interdependent, i.e. every set of the 

parameters is a function of the other two sets. To overcome such complexity, an 

iterative computerized analysis is developed as follows. 

 

e- Determination of Moments, Shears, Deflection & Suspenders’ Tension 

 

Referring to equation (11), the girder deflection at any point x on any span 

i, of length Li, is given by:- 
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Differentiating eq. (12) with respect  to x will give the slope of the girder: 
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But vEIM  , and so the moment at any section x is  
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The shear is   
dx

dM
V   

Substituting 

   xCxC
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
 21       (15) 

The portion of the  live load carried by the suspenders per unit length, q(x), is the 

difference between the live load at the section px and the net load carried by the 

girder, i.e.  
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f- Computer Implementation of The solution Based on the Deflection 

Theory
(10)

  : 

 
The foregoing analysis based on the deflection theory is implemented in 

computer form here. An iterative algorithm to determine the value of h satisfying 

all equation is followed. The FORTRAN computer program written is named as 

SASDEF (static Analysis of suspension bridges using the Deflection theory). Two 

subroutines serve the main program: 

 (1) SUBROUTINE CIC2: for calculation of the integration constants sets 

21 C,C . 

(2) SUBROUTINE CONT: for calculation of the continuity moments of the 

girder at the towers. 

Few entries are needed, and the program reveals a complete solution to the 

girder- cable interaction of the bridge ,see flow chart, Fig.(3). 

 

 

g- Effect of Fundamental Parameters 

 
 Data Information of an Existing Suspension Bridge: 
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In this chapter using the computer program for the second order theory 

for a real data bridge (Innoshima, Japan at 1983, with m3ain span 770 m) 
(11)

, 

the parameter information data of this bridge can be organized as below: 
                                

 

                                  Table (1):  The Information Data of Innoshima Bridge  

 

                

 

 

 

 

 

 

 

 

 

 

         

 

Table (2) Live Load Data of Innoshima Bridge (assumed): 
 

Description Abbreviation Value  

Load Rite side span  P 29.6kN/m 
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Segment  no .1 Right side  S1=J1/L1 1.0 

Segment  no .2 Right side T1=K1/L1 0.0 

Load at main  span P1 29.6kN/m 

Spacing no.1 at left main span  S2=J2/L 1.0 

Spacing no.2 at left main span  T2=K2/L1 0.0 

Load at left side span  P2 29.6kN/m 

Spacing no.1 at left main span S3=J3/L 1.0 

Spacing no.2 at left main span T3=K3/L1 0.0 

 

3. Trial Data  

 
Using a fixed variation for each parameter by 10% the trial data 

assumed in the study is as shown Table (3), It can be recognized that the 

original data lie with in the trail data. The objective of these variations is to 

observe their influence on the non – linearity of the analysis performed by the 

deflection theory. 
 

 

 

Table (3) 

 
 

 

On selecting a trial value of any parameter, we run the program to obtain the 

results for that parameter in-terms of: 

1. Max +ve BM in girder (kN.m). 

2. Max-ve BM in girder (kN.m). 

3. Max shear (kN). 

4. Max deflection at mid span  ,(m). 
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5. Max deflection at site  span ,(m).  

6. Horizontal component (H) of the cable Tension due to D.L, (kN).  

7. Horizontal component (h) of the cable Tension due to L.L, (kN). 

 

4. Results  
 

Analysis of the results of original dimension of the bridge is illustrated 

in Table (4).  

 

Table (4)  

 
 

 

Analysis results for each parameter variation are shown in Table (5) To Table 

(9). 

 

 

 

 
 

                     

 

 

                

  Table (5) Effect of main span length (L) on the Non–linear analysis 

(With constant side span length)  
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Table (6) Effect of side span length (L1) on the Non–linear analysis 

                                   (With constant side span length)   
                                                                     

 
                

Table (7) Effect of sag span length (D) on the Non–linear analysis 

 
 

Table (8):  Effect of Cable x-section on the analysis 
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Table (9) : Effect of  girder rigidity on the analysis 
            

 

5. Plotting the Relation between Each Parameter and its Effects 

on the Analysis 
 

The preceding results (Table 5 to Table 9) are illustrated in graphical 

from- as shown in appendix (I), so as to observe the relation between each 

parameter variations and the corresponding effect on the main result analysis, 

namely; Max.  . +ve BM in girder, Max –ve BM in girder, Max. shear   in the 

girder , Max. deflection at mid span , Max. deflection at side span and the 

horizontal component (H) of cable Tension  . Every chart equation is written to 

its best fit with regression type of polynomial trend. 
 

6. Conclusions 
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The foregoing research explains how the non-linearity based on the 

computerized treatment of the deflection theory affects the analysis of 

suspension bridges .The effect of several parameters on the results analysis is 

studied by varying each parameter and observing the result variation .The 

following conclusions are derived . 

a. Increasing the main span length causes the rate of change of 

several results of analysis to decrease, namely: maximum 

positive bending moment in the main span girder, maximum 

negative bending moment in the girder, maximum shear in the 

girder, maximum deflection in the mid span girder and max 

deflection at side span girder. 

b.    Increasing the main span length will increase the rate of 

increase of cable tension .This result is very important-design 

wise –because it proves that as the main span length increase, 

more load is being carried by the cable. Consequently 

suspenders tensions becomes now significant. 

c.    Increasing the side span length generally will increase the rate 

of decrease of some results analysis namely: maximum positive 

bending moment in the girder , maximum negative bending 

moment in the girder , maximum shear in the girder ,maximum 

deflection at  the mid  span girder and max deflection at side 

span girder. It can be noticed that as the side span length 

approaches or exceeds half the value of the main span, the rate 

of change vanishes. 

d.    Increasing of the side span length will cause the cable tension 

to decrease. This relation is valid just before the side span length 

approaches half the main span length, after witch the cable 

tension will increase. 

e. The deformation findings prove that optimum design length of 

the side span is a value of approximately half the main span 

length. 

f. The effect of sag on the analysis results is less than of the main 

span and side spans lengths. 

g. Effects of cable cross-section and the moment of inertia of the 

stiffening girder are not significant as shown on graphs . 
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h. In general it can be concluded that as the externally-anchored suspension 

bridges spans increase, the whole structure becomes stiffer .And the cable 

system will carry more addition loads.  
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8. Appendices 

a-Appendix (I)- Figures  
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Fig (1) Bridge Major Components 

 
 

Fig (2): 2-Dimensional,3-Span Suspension Bridge Model 
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Fig (3):- Flow Chart-Program (SADDEF)  
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Fig (4):Max. +ve BM (kN.m) vs  Main span Length,m 

 

 

 
Fig (5): -ve BM (kN.m) vs Main span Length (m) 
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Fig (6): Shear (kN) vs Main span Length 

 

 

 

 

Fig (7):Max mid span deflection (m) vs. Main span Length ,m 
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Fig (8): max Deflection in side Span vs. Main span Length 

 

 

 

 
Fig (9): L.L Cable Horiz. Tension (kN) vs. Main span (m)  
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Fig (10):Max +ve BM (kN.m) vs Side span Length (m) 

 

 

 

 
Fig (11):-ve BM (kN.m) vs. Side span Length (m) 
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Fig (12):Max girder Shear (kN) vs. Side span length(m) 

 

 
 

 
Fig (13):Max side span Deflection (m) vs. side span Length (m) 
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Fig (14): L.L Cable Horiz. Tension (kN) vs. side span (m) 

 

 

 

 
Fig (15): Max +ve BM (kN.m) vs. Cable Sag (m) 
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Fig (16): Max -ve BM (kN.m) vs. Cable Sag (m) 

 

 
 

 

 
Fig (17): Max Shear (kN) vs. Cable Sag (m) 
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Fig (18): Max side span Deflection (m) vs. Cable Sag (m) 

 
 

 

 
Fig (19): D.L. Horiz. Cable Tension (kN) vs. Cable Sag (m) 
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 Fig (20): L.L. Horiz. Cable Tension (kN) vs. Cable Sag (m) 

 

 

 

 

 
 

Fig (21):Max +ve BM  Variation vs. Fundamental Parameters 
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 Fig (22):Max -ve BM  Variation vs. Fundamental Parameters 

 

 

 

 
 Fig (23):Max Shear Variation  vs Fundamental Parameters 
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 Fig (24): Max  side span Deflection Variation vs. Fundamental 

Parameters 

 

 

 
 Fig (25): Initial D.L Tension Variation vs. Fundamental Parameters 
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Fig (26): L.L. Induced Cable Tension Variation vs. Fundamental 

Parameters 

 

b- Appendix (II)- Notations 

A 
Center camber of stiffening girder at mid 

span…………………………….. 

a1 Center camber of stiffening girder at side span 

Ac Cable x-section 

Ag Girder x-section 

BM Bending Moment 

C1Li, C2Li Integration Constants C1 & C2 on left segment of span i 

C1Mi, C2Mi Integration Constants C1& C2 on the loaded segment of 

span i 

C1Ri,  C2Ri Integration Constants C1 & C2 on the right segment of 

span i 

d Cable sag at mid span 

d1 Cable sag at side spans 

E Modulus of Elasticity of girder or truss 
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Ec Modulus of Elasticity of the cable 

g Gravity acceleration 

H Horizontal tension in cable due to dead load 

h Horizontal tension in cable due to live loads 

I , I1 Moments of inertia of the stiffening  system in mid and 

side spans respectively 

i Span number  i=1 for left span 

   i=2 for mid span 

and   i=3 for right side span 

k,m,j,k1,m1,j1,k2,

m2,j2 

Bridge spans segments 

L, L1 Length of main & side spans respectively 

 

Lc ,Lc1 Lengths of cable arcs on main and side spans 

respectively 

1, ll  Cable length functions used in the cable equation 

M Resultant bending moment at any section of girder or  

truss 

Mo Simple beam bending  moment due to live load 

P , P1 , P2 Uniform applied live loads on midspan, left span  and 

right  side span respectively 

Pg Part of the live load carried by the girder 

q , q1 , q2 Live  load carried  by the cable on mid, left & right spans 

respectively 

R1i , R2i Simple beam end reactions at girder supports of span I 
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T Bending moment at any section, x, due to continuity 

T1 , -T2 Bending moments in the girder at left and right supports 

respectively 

t Temperature change 

U1, U2 Slope-change functions at towers 

V Total vertical shear at any section , x, of the girder or 

truss 

v , v1 , v2 Deflection of the girder or truss at any section in mid, 

left, and right spans respectively due to live loads 

'

2

'

1 ,, vvv  Slope of the deflected shape of the girder or truss at any 

section in mid, left, and right spans  respectively 

w Uniformly distributed dead load on the cable 

x , x1 , x2 Abscissas on mid, left and right spans  respectively 

measured form right end of each span 

y , y1 Cable ordinates on main and side spans respectively 

z , z1 Stiffening girder ordinates on main and side spans 

respectively due to camber 

1,  Slope of cable chord in mid & side spans respectively 

  Coefficient of thermal expansion 

 

 


